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A b s t r a c t 

Genera l i zed clauses d i f fer f r o m ( o r d i n a r y ) 
clauses by a l l o w i n g c o n j u n c t i o n s o f l i t e ra l s in 
t h e ro le o f ( o r d i n a r y ) l i t e ra l s , i.e. they are dis­
j u n c t i o n s o f c o n j u n c t i o n s o f s imp le l i t e ra ls . A n 
advan tage o f th is c lausa l f o r m i s t h a t i m p l i c a ­
t i ons w i t h c o n j u n c t i v e conc lus ions o r d i s junc ­
t i ve premises are n o t sp l i t i n t o m u l t i p l e clauses. 
A n ex tens ion o f L o v e l a n d s m o d e l e l i m i n a t i o n 
ca lcu lus [ L o v e l a n d , 1969a, L o v e l a n d , 1978] is 
p resen ted ab le to dea l w i t h such genera l ized 
clauses. F u r t h e r m o r e we descr ibe a m e t h o d fo r 
gene ra t i ng l e m m a s t h a t co r respond t o va l id i n ­
stances o f c o n j u n c t i v e conc lus ions . U s i n g these 
l emmas i t i s poss ib le to avo id m u l t i p l e proofs 
o f t he premises o f i m p l i c a t i o n s w i t h c o n j u n c t i v e 
conc lus ions. 

1 I n t r o d u c t i o n 

Several ex tens ions o f the r e s o l u t i o n ru le a n d i ts ref ine­
men ts have been p roposed able to dea l w i t h quan t i f i e r 
f ree f i rst o rder logic f o rmu las (e.g. see [ M u r a y , 1982] for 
an ex tens ion o f t he r e s o l u t i o n ru le and [St iekel , 1982] 
fo r a m o d i f i c a t i o n o f the c o n n e c t i o n - g r a p h p rocedu re ) . 
These p r o o f p rocedures have the advan tage t h a t i t i s 
n o t necessary to b u i l d a c lausa l n o r m a l f r o m , i.e., desp i te 
f r o m es tab l i sh ing a p r e n e x n o r m a l f o r m a n d sko lemiz ing 
ex i s ten t i a l l y q u a n t i f i e d var iab les no n o r m a l i z a t i o n oper­
a t ions arc necessary. T h i s enhances the r e a d a b i l i t y a n d 
u n d e r s t a n d a b i l i t y o f p roo fs a n d can also lead to shor te r 
deduc t i ons . 

However , these m o d i f i c a t i o n s do n o t necessar i ly ex­
p l o i t the c o n t r o l s t r u c t u r e i m p l i c i t i n l og ica l f o rmu las . 
In p a r t i c u l a r , a l t h o u g h an i m p l i c a t i o n a —> b A c is n o t 
b roken i n t o t w o clauses n a v f » a n d -a V c, i t is no t ex­
c luded t h a t a has to be p r o v e n tw i ce in a p r o o f of b A c. 
T h i s happens w h e n , fo r ins tance the p r o o f search per­
fo rms a k i n d o f b a c k w a r d c h a i n i n g . 

In th is pape r we present an ex tens ion o f the m o d e l 
e l i m i n a t i o n ca lcu lus [ Love land , 1969a, L o v e l a n d , 1978] 
w h i c h overcomes th i s d rawback . I t wo rks on so ca l led 
generalized clauses w h i c h are d i s j u n c t i o n s of complex lit­
erals b e i n g c o n j u n c t i o n s o f ( s imp le ) l i t e ra l s . For e x a m ­
p le , the i m p l i c a t i o n ( a V b ) -> (cAd) is equ iva len t to the 

genera l ized clause (-a A ->b) V (r A d) where ->a A -ib a n d 
r A d are c o m p l e x l i t e ra l s . 

T h i s r e s t r i c t i o n to genera l ized clauses i s m a i n l y m o t i ­
va ted by p r a g m a t i c cons ide ra t ions , as we use the ex­
tended m o d e l e l i m i n a t i o n ca lcu lus for p rocess ing the 
p red ica te log ic p a r t o f the know ledge rep resen ta t i on l an ­
guage L L I L O G [P le ta t a n d v. L u c k , 1990, Bo l l i nge r a n d 
P l e t a t , 1991) i n the L E U / 2 1 t ex t u n d e r s t a n d i n g a n d 
ques t ion answer ing sys tem [Geur ts , 199()]. I t e m s of a 
know ledge base need to be easi ly comprehens ib le . T h i s 
is the case for P r o l o g l ike rules a n d fac ts , b u t no t for 
a r b i t r a r y l og i ca l f o rmu las . Even i f they are qu i t e s imp le 
they can be m i s i n t e r p r e t e d , e.g., fo r seeing t h a t the for­
mu lae a --» (b —> r) and (a —* b) —* c are n o t equ iva len t 
one needs at least some basic know ledge in log ic . On the 
o the r h a n d by us ing de f in i te o r i nde f i n i t e clauses, k n o w l ­
edge cannot be expressed in a compac t way. Genera l i zed 
clauses are therefore a good c o m p r o m i s e . Rules w i t h a 
c o n j u n t i v e conc lus ion or a d i s j u n c t i v e p remise are n o t 
t o r n a p a r t . Equ iva lences be tween c o n j u n c t i o n s o f l i t e r ­
als can be represented by two genera l ized clauses. 

In the nex t sec t ion we exp la in how L o v e l a n d s weak 
m o d e ] e l i m i n a t i o n ca lcu lus can be adap ted to genera l ized 
clauses. C o m p a r e d to L o v e l a n d s ca lcu lus , deduc t i ons i n 
th is ca lcu lus requ i re in genera l less in ference steps as we l l 
as less c o m p u t a t i o n s . We then descr ibe a m e t h o d for 
gene ra t i ng l emmas . U s i n g these l e m m a s , we show t h a t 
r e d u n d a n t p roo fs o f the premises o f ru les w i t h a con­
j u n c t i v e conc lus ion can be avo ided. We conc lude w i t h a 
d iscuss ion of the ca lcu lus . 

2 E x t e n d i n g M o d e l E l i m i n a t i o n to 
Genera l i zed Clauses 

2 . 1 M o d e l E l i m i n a t i o n f o r O r d i n a r y C l a u s e s 

M o d e l E l i m i n a t i o n 2 can be cons idered as a re f i nement of 
l i near r eso lu t i on where r e s o l u t i o n steps are r e s t r i c t e d to 
i n p u t clauses. Reso lu t i on steps w i t h predecessor clauses 
in the p r o o f tree are s i m u l a t e d by the r e d u c t i o n ru le . 
Fo r th i s i t i s necessary to m a r k reso lved l i t e ra ls i ns tead 
o f de le t i ng t h e m . 

' L E U is the acronym for " L I L O G Exper in ien t icn imgr -
b u n g " - L I L O G exper imental environment. 

2 To be more precise it is Loveland's weak model e l imi­
nat ion method [Loveland, 1978] tha t we w i l l present in the 
fo l lowing. 
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Extens ion and reduc t ion are sound inference rules. 
Fur ther they form a ( re fu ta t i ona l l y ) complete calculus. 
The fo l low ing two theorems state th is in a more f o rma l 
way: 

T h e o r e m 1 ( S o u n d n e s s of M E ) I f a chain c is the 
result of an ME deduction from a set S of elementary 
chains, then the clausal interpretation of c is a logical 
consequence from S. 

T h e o r e m 2 ( C o m p l e t e n e s s of M E ) I f a set S of el­
ementary chains if minimally unsatisfiahle, i.e., if ev-
ery proper subset of S is satisfiable, then for any chain 
r e S there is a ME refutation of S starting wtth c. 

2.2 R e s o l u t i o n f o r G e n e r a l i z e d C l a u s e s 

F i rs t we fo rma l l y define the no t i on of complex l i t e ra l and 
general ized clause. 

D e f i n i t i o n 6 ( C o m p l e x l i t e r a l ) A complex l i t e ra l ts 
a conjunction of (simple) literals. 

D e f i n i t i o n 7 ( G e n e r a l i z e d c l a u s e ) 
A generalized clause is a disjunction of complex liter­
als. 

W h e n resolv ing two a r b i t r a r y quant i f ie r free f o rmu ­
las (see [Muray , 1982]) f i rs t the po lar i t ies of a l l a tomic 
subformulas have to be de te rmined . I f they conta in 
two un i f iab le a tomic subformulas w i t h opposi te polar­
i ty , the un i f y i ng s u b s t i t u t i o n is app l ied to the two for­
mulas. T h e n a l l occurences o f the a t o m w i t h pos i t ive 

Bollinger 127 



polar i ty are replaced by F, representing false, and a l l oc­
currences of the negative a tom in the other fo rmula by 
T, standing for true. The d is junct ion of these two mod­
ified formulas represents the resolvent, which is fu r ther 
simplif ied by explo i t ing propert ies of logical connectives 
like o A F < - > F o r a V F ^ a . 

Adapt ing this resolut ion rule to generalized clauses is 
straightforward. In generalized clauses the sign of the 
simple l iterals indicates the po lar i ty of their atomic for­
mulas. Dur ing the resolut ion operat ion the posit ive l i t ­
eral is replaced by F, such that the complex l i terals it 
appears in can be reduced to F (complex l i terals are con­
junct ions) . Hence they can be removed f rom the resol­
vent. The same happens w i th the complex l i terals where 
the negative (simple) l i tera l occurrs i n , as i ts atomic for­
mu la is replaced by T which is equivalent to replacing the 
l i te ra l by F. Therefore resolving two generalized clauses 
CG1 and CG2 consists of un i fy ing a simple l i te ra l L of 
CG1 w i t h the complement of a simple l i te ra l L2 f rom 
C G 2 , A P P L Y I N G the un i fy ing subst i tu t ion 0 to CG1 V CG2 

and discarding f r om the resul t ing generalized clause all 
complex l i terals w i t h occurrences of L10 or L2 0. 

2 . 3 M o d e l E l i m i n a t i o n f o r G e n e r a l i z e d C lauses 

The not ions in t roduced in Section 2.1 can easily be 
adapted to generalized clauses. Now we have com-
plex 0- and R-literals and generalized chains consist­
ing of complex O- and R-l i terals. Complex l i terals 
are noted as conjunct ions of simple l i terals. If a com­
plex O- l i tera l consists of more than one simple l i te ra l 
it is enclosed in ( round) parentheses. As before, R-
l i terals are marked by (square) brackets. The chain 
P(a)[Q(b)][P(b) A R(a)](Q(c) A P(c)), for instance, con­
sists of two complex O- and R-l i terals. 

The def in i t ion of admissib i l i ty and the contract ion op­
erat ion have to be modi f ied accordingly. 

When resolving two generalized clauses only simple 
l i terals are compared. Th is also holds when two com­
plex l i terals are made complementary. We can therefore 
define the complementarity of complex literals in the fo l ­
lowing way: 

D e f i n i t i o n 8 ( C o m p l e m e n t a r i t y o f c o m p l . l i t e r a l s ) 
Let L1 = L11 A ... A L1m and L2 - -^21 A ... A Z/2n be two 
complex literals. L1 and L2 can be made complemen­
tary, with a most general unif ier 0, iff a simple literal 
L1i from L1 and the complement of a simple literal L2J 

from L2 are unifiable with most general unifier 0. 

There may be more than one possible most general 
unif ier for mak ing two complex l i terals complementary; 
e.g. for P(a)AP(b) and -*P(x) we have two most general 
unifiers: 0j = {a/x) and 02 = { f r / * } - Bu t al l the most 
general unifiers can be computed since the number of a l l 
simple l i te ra l pairs f r om two complex l i terals is f in i te. 

W h e n resolving two generalized clauses, al l complex 
l i terals conta in ing the resolved simple l i terals are dis­
carded. Delet ing or bracket ing these l i terals dur ing an 
extension step may lead to compl icat ions, for complex 
l i terals s tanding left of an R- l i tera l may be deleted or 
t ransformed to an R-l i teral . I t is therefore possible that 
the left subchain relat ive to an R- l i teral is no longer an 
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chain in the scope of an R- l i te ra l is taken in wh ich Lp 
occurs (as the last l i t e ra l ) . T h e l e m m a is generated by 
leaving the O- l i tc ra ls unchanged and t u r n i n g the nega­
t ion o f the R- l i terals i n t o O- l i tera ls . 
E x a m p l e 4 We fhow a part of a deduction where lem­
ma* are generated. The indices of the R-literals indicate 
their scope. 
0) . r(")[Q(*)]oir(v)}o-Q(a){R(z)}o-r(a) 
reduction without contraction: 
(i+l) P(a)[Q(x)]0[P(a)}^Q(a)[R(z)}0 
contraction and gen. of lemma -iP(a)-*Q(a)-*R(z): 
(i + r)_ P ( a ) [ < ? ( * ) ] o [ P ( a ) l , - . Q ( a ) 
reduction without contraction: 
(i+t) P(«)[Q(a )] , [ />)]„ 
contraction and generation of lemma ~>Q(a)-»P(a): 
Special iz ing our m e t h o d for l e m m a generat ion to or­

d ina ry chains we see tha t i t corresponds exact ly to the 
case where Loveland's m e t h o d is res t r i c ted to the gen­
erat ion o f u n i t l e m m a chains. L e m m a candidates are 
no t exp l ic i te ly recorded since for s imple l i tera ls they are 
ident ica l to the negat ion of the cor responding R- l i te ra l . 
For complex l i tera ls this is necessary, as we do not have 
£ j 0 = : - i £ 2 ^ i n general when they are complementary . 

The remova l of l e m m a candidates after a reduc t i on 
step has i ts coun te rpar t in the fact t ha t , accord ing to 
Loveland's m e t h o d , the generat ion of lemmas is based 
on the m a x i m a l subchain in the scope of an R- l i te ra l 
y ie ld ing up to the r i gh tmos t R- l i t c ra l . Th i s has the effect 
t ha t lemmas for R- l i tera ls w i t h i n th is subchain (except 
the le f tmost one) are no t created. 

I t is easy to generalize Lovc land 's m e t h o d to general­
ized chains. In this way i t is possible to generate lemmas 
be ing the instance of d is junc t ive conclusions. However, 
from a p rac t i ca l po in t of v iew, non-un i t lemmas are less 
useful in general. 
4 Discussion 
General ized clauses and chains are in teres t ing extensions 
of their s tandard versions. A n y quant i f ie r free logical 
f o rmu la can be represented by one such clause or cha in . 
Th i s fac i l i ta tes especial ly the processing of d is junc t ive 
goals. In contrast to o rd ina ry chains (and clauses) a 
negated goal can always be t rans fo rmed to exact ly one 
generalized chain . Moreover, hav i ng a set of o rd ina ry 
chains represent ing the negated goal, a r e fu ta t i on may 
succeed w i t h only one of t h e m as the s ta r t i ng cha in . 
Hence for o rd ina ry chains we have the p rob lem of choos­
ing the r i gh t chain s teming f r o m the negated goal. T h i s 
p rob lem does not occur for general ized chains, as we have 
on ly one goal cha in , and f r o m L e m m a 1 we k n o w , t ha t i ts 
re fu ta t i on succeeds i f i t succeeds for one of the o rd ina ry 
goal chains. 

F rom an imp lemen ta t i ona l v iewpo in t , general ized 
mode l e l im ina t i on ( G M E ) const i tu tes on ly a sl ight m o d ­i f i ca t ion o f the m o d e l e l im ina t i on m e t h o d ( M E ) . I n con­t ras t to reso lu t ion for a r b i t r a r y quant i f ie r free fo rmulas , no t a lo t of supp lementary c o m p u t a t i o n has to be per­fo rmed. T h e po la r i t y o f the l i tera ls has abeady been de te rmined , on ly s imple l i tera ls are compared when two 
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complex l i tera ls are made complementary . The on ly rea l 
difference to ME consists in the fact t ha t several s im­
ple l i tera ls are deleted or bracketed d u r i n g an extension 
and reduc t ion opera t ion . Of course, i f lemmas should 
be generated, a d d i t i o n a l computa t ions have to be per­
fo rmed concern ing the L- l i tera ls . B u t compared w i t h 
Loveland's m e t h o d for l e m m a generat ion the i r complex­
i t y i s no t h igher. T h e c o m p u t a t i o n a l overhead o f G M E 
w i t h respect to ME is therefore low. 

However, as G M E re fu ta t ions are general ly shorter 
t han ME re fu ta t ions , (cf. Examp le 1 compared to Ex­
ample 2) the overa l l amount for c o m p u t i n g a re fu ta t i on 
is lower for G M E . T h i s effect is enhanced i f lemmas are 
generated, since the rea l ly in teres t ing lemmas are those 
generated for rules w i t h con junc t i ve conclusions. 

L o o k i n g at the search space, one realizes tha t the n u m ­
ber of p o t e n t i a l extension and reduc t ion steps is greater 
for G M E than for M E , since complex l i tera ls m a y consist 
o f several s imple l i tera ls . We know also f r o m the p roo f o f 
L e m m a 1 tha t for every M E - d e d u c t i o n of a chain c there 
is an isomorph ic G M E - d e d u c t i o n of a general ized chain 
con ta in ing c. Hence the search space explored for f i nd ­
i ng G M E - r e f u t a t i o n s contains more redundancies, i.e., 
paths leading to iden t i ca l solut ions. T h i s is no t c r i t i ca l , 
i f one so lu t ion is looked for , as G M E - r e f u t a t i o n s can be 
shorter. In such a case a dep th or iented search s t ra t ­
egy is appropr ia te . I f a l l solut ions are looked for, i t is 
necessary to employ a s t ra tegy tha t avoids exp lo r ing re­
dundan t paths . The development of such strategies is 
one of the po in ts tha t need to be invest igated fu r ther . 

G M E m a y p e r f o r m be t te r t han M E i f the ressources 
for the search are res t r ic ted . E.g., i f the search dep th 
is l i m i t e d , w i t h G M E more solut ions can be f ound , as 
G M E - r e f u t a t i o n s are shorter . 

T h e generat ion o f l e m m a should be res t r i c ted to the 
useful ones, since the add i t i on of every new l e m m a i n ­
creases the search space. Cer ta in ly , c reat ing a l emma 
candidate when pe r f o rm ing an extension step w i t h a un i t 
chain is superf luous, as the deduced l e m m a is an instance 
of the used aux i l i a ry u n i t chain. Simple L- l i terals are in 
general less in te res t ing t han complex L- l i tera ls . There­
fore i t may be reasonable to generate l e m m a candidates 
on ly i f the resolved l i t e ra l in the aux i l i a ry chain is a rea l 
complex l i t e ra l . 

However even the most useful lemmas in t roduce new 
redundancies i n t o the search space, i.e., the same solu­
t i on can be f o u n d by us ing a l e m m a and by pe r f o rm ing 
the extension and reduc t i on steps tha t led to the de­
duc t i on of the l emma. These new redundancies can be 
neglected, when on ly one so lu t ion is looked for, since i t 
suffices to app ly the lemmas f i rs t , before t r y i n g extension 
steps w i t h non -un i t chains. 

W h e n l ook ing for a l l so lut ions, we have again the p rob ­
l e m o f avo id ing pa ths lead ing to i den t i ca l solut ions. The 
s i tua t ion becomes even more complex since the k n o w l ­
edge base changes dynamica l l y w i t h the add i t i on of lem­
mas. I t may also happen tha t for f i nd i ng a l l so lu t ions, 
lemmas compu ted a t another b ranch o f the p r o o f tree 
have to be used. C o n t r o l i n g the generat ion and the use 
of lemmas is therefore another po in t t ha t w i l l be inves­
t iga ted fu r ther . 



One p ragmat i ca l so lu t ion wou ld be to leave i t to the 
user to decide when to apply a ru le tha t lead to the 
i n t r o d u c t i o n of a lemma. L ike w i t h the cut in Pro log, 
the user wou ld be able to p rune a pa r t of the search 
space. T h e user has then the responsabi l i ty for tak ing 
care t ha t no solut ions are lost . 

In the L I L O G pro jec t the knowledge engineers asked 
for such a feature. I t happens of ten tha t a con junc t ion 
of l i terals should be t reated as one l i te ra l . I n t r o d u c i n g a 
new predicate symbo l was not possible due to constra ints 
imposed by the text unders tand ing app l i ca t ion . In such 
a case the solut ions found by the use of lemmas were 
suff icient. 

5 Conc lus ion 

G M E is a usefu l extension of M E . We have establ ished 
some of i ts advantages and have po in ted out areas of 
fu r the r inves t iga t ion . Since G M E app l ied to o rd inary 
chains behaves exact ly l ike M E , one has the f lex ib i l i ty to 
r.witch between G M E and M E . The no rma l i za t i on proce­
dure has on ly to p roduce o rd inary chains, and the com­
p u t a t i o n a l overhead for processing ME w i t h the gener­
al ized m e t h o d is low. 

An order sor ted version o f th is calculus w i t h l emma 
generat ion has been imp lemen ted in Qu in tus Pro log 4 for 
the L E U / 2 tex t unders tand ing system. G M E has proven 
to be very usefu l , given the na tu re of the app l i ca t ion 
doma in , in wh ich a m a j o r i t y o f the rules w r i t t e n in the 
knowledge representat ion language L L I L O G HAD conjunc­
t ive conclusions. 

C o n t r o l issues have to be invest igated fu r the r . The 
m a j o r p rob lem is how to avoid inves t iga t ing paths in 
the search space t ha t lead to redundan t solut ions. The 
generat ion of lemmas can be considered as a k i n d of rote 
learn ing. One m a y also t h i n k o f s to r ing cer ta in lemmas 
permanen t l y or o f app l y i ng machine learn ing techniques 
l ike "exp lana t i on based genera l iza t ion" for creat ing more 
general lemmas. However, for avo id ing the classical ma­
chine learn ing p rob lem: " t h e more you know the slower 
you go" , good strategies need to be developed for cont ro l -
i ng the generat ion, the use and eventual ly the permanent 
storage of lemmas. 
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